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Free subgroups in linear groups have been studied by Tits in [7]. In this 
note, we make two remarks which extend slightly some of the results in [7]. 
Recall the beautiful theorem of Jordan on finite linear groups. There is an 
integer function A.(n) defined on the set of positive integers such that every 
finite subgroup G of GL(n, C) contains a normal abelian subgroup A with 
index [G: A] < A(n). The following theorem asserts that [7, Theorem 11 can 
be put in an analogous form to Jordan’s theorem. 
THEOREM 1. For every field k of characteristic a and subgroup G of 
GL(n, k), the group G either has a nonabelian free subgroup or possesses a 
normal solvable subgroup of index < A(n). 
ProoJ Without loss of generality, we may assume that k = C. Suppose 
that G has no nonabelian free subgroups. By 17, Theorem 11, G has a 
solvable subgroup of finite index. Upon replacing G by its Zariski-closure, 
we may assume that G is an algebraic subgroup of GL(n, C). Let Go be the 
identity component of G. The index [G: Go] is finite. It is easily shown that 
in any Lie group with finitely many connected components, there is a finite 
subgroup which meets every component. Hence there is a finite subgroup H 
of G with G = HG’. Since Go is solvable, our assertion follows from Jordan’s 
theorem. 
LEMMA 2. Let { 1 } + D 4 G +n F + ( 1 } be an extension of a free group 
F with countably many generators by a countable group D, and consider an 
arbitrary set of at most countably many sections pi : F - G (z 0 pi = id.). 
Then, there is a section F + G whose image has a non-empty intersection 
with every coset of every conjugate of every pi(F). 
* Partially supported by N.S.F. Grant 7902168. 
232 
0021.8693/81/070232~3$02.00/0 
Copyright 0 1981 by Academic Press, Inc. 
All rights of reproduction in any form reacn’ed. 
FREE SUBGROUPS IN LINEARGROUPS 233 
Proof Let S be a free generating set of F and let Q be a map of S onto 
the set of all cosets in question. For s E S, call p(s) the element 
n-‘(s) n a(s). Then, the homomorphism F -+ G, extending p, obviously has 
the desired properties. 
THEOREM 3. Let G be a connected a&e algebraic group defined over a 
field k of characteristic o. If G is not solvable, then G(k) has a free k-dense 
subgroup. 
Proof. Let R(G) be the radical of G and M a connected semi-simple 
algebraic k-subgroup such that G = MR(G). By [7, Theorem 31 M(k) has a 
free subset {x, JJ} which generates a k-dense free subgroup H in M(k). Let L 
be the commutator subgroup [H, II]. We may assume that k is countable. By 
the preceding lemma, there exists a free subgroup W of G(k) such that W, L 
have the same image in G/R(G) and IV n tL # 0 for s, t E R(G)(k). Let 
W* be the Zariski-closure of W. Clearly W*R(G) = G and consequently 
there exists s E R(G)(k) with A4 c s-r W*s. Since W” n tL # 0 for arbitrary 
t E R(G)(k), thus R(G)(k) c s - ’ W*s. One concludes immediately that 
W*=G. 
COROLLARY 4. Let G be an aflne algebraic group defined over an 
algebraic number fteld k and G, the adelized group of G. If H c G, is a 
subgroup which has no nonabelian free subgroup, then H has a normal 
solvable subgroup N such that H/N is a torsion group with elements of 
bounded order. 
Proof For every valuation v of k, let k, be the completion with respect 
to v and G, = G(k,). We view G, as a subgroup of n,G,. Let H, be the 
projection of H in G,. By Theorem 1, there exists a normal solvable 
subgroup N, of H, such that [H,: N,] < 1, a positive integer depending on G 
only. Let N = H n JJ,N”. By a theorem of Zassenhaus, the groups N, have 
bounded derived length, so N is solvable. Clearly by our construction, H/N 
is a torsion group with element of order < 1. 
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